Abstract. We develop a theory of canonical isogeny characters of Drinfeld-Stuhler modules similar to the theory of canonical isogeny characters of abelian surfaces with quaternionic multiplication. We then apply this theory to give explicit criteria for the non-existence of rational points on Drinfeld-Stuhler modular varieties over the finite extensions of F q (T ). This allows us to produce explicit examples of Drinfeld-Stuhler curves violating the Hasse principle.
Introduction
Drinfeld-Shutler modules are function field analogues of abelian surfaces equipped with an action of an indefinite quaternion algebra over Q. The idea of these objects was proposed in the language of shtukas by Ulrich Stuhler under the name of D-elliptic sheaf as a natural generalization of Drinfeld modules. The modular varieties of D-elliptic sheaves were studied by Laumon, Rapoport and Stuhler in [17] , with the aim of proving the local Langlands correspondence for GL(n) in positive characteristic.
Over the years, the third author of this paper have studied the arithmetic properties of D-elliptic sheaves and their modular varieties, trying to extend to this setting the rich theory of abelian surfaces with quaternionic multiplication and Shimura curves; see, for example, [19] , [20] , [21] , [22] , [23] , [24] , [25] . The current paper is a natural continuation of [25] .
Let F q be a finite field with q elements, where q is a power of a prime number. Let A = F q [T ] be the ring of polynomials in indeterminate T with coefficients in F q , and F = F q (T ) be the field of fractions of A. Let d ≥ 2 be an integer and D be a central division algebra over This paper has three main objectives:
(1) Develop a theory of canonical isogeny characters of Drinfeld-Stuhler modules similar to the theory of canonical isogeny characters of abelian surfaces with quaternionic multiplication given in [13] . (2) Apply (1) to give explicit criteria for the non-existence of rational points on X D over finite extensions of F . (3) Combine (2) with the results in [23] to produce explicit examples of Drinfeld-Stuhler curves violating the Hasse principle. The major inspiration for this paper has been the work of Bruce Jordan in [13] (which itself was inspired by the work of Mazur [18] ). One significant difference between our work and [13] is that we are able to carry out (1) and (2) for arbitrary d ≥ 2, not just quaternion algebras and curves. In principle, (3) can also be extended to the higher dimensional Drinfeld-Stuhler varieties once the results in [23] are extended to the higher dimensional varieties. We also mention that the results of Jordan in [13] have been generalized in the case of Shimura curves by the first author in [2] , [3] .
Next we give a more detailed description of the results in this paper. Let K be a field equipped with an A-algebra structure γ : A → K. Note that F q is a subfield of K. Let τ be the F q -linear Frobenius endomorphism of the additive group-scheme G a,K = Spec(K[x]) over K; the morphism τ is given on the underlying ring by x → x q . The ring of F q -linear endomorphisms End Fq (G a,K ) is canonically isomorphic to the skew polynomial ring K[τ ] with the commutation relation τ α = α q τ , α ∈ K. which is O D -invariant and rational over K. Following the terminology in [13] , we call the associated Galois representation
× a canonical isogeny character of φ at p. We then study the properties of ̺ φ,p . To prove some of these properties, one needs to know that Drinfeld-Stuhler modules have potentially good reduction over local fields. This foundational result is implicitly proved in [17] in the language of D-elliptic sheaves, but in Section 3 we give a different proof, along with a more precise information about the extension over which a Drinfeld-Stuhler module acquires good reduction.
Now let K be a degree d extension of F which splits D. Assume there is a Drinfeld-Stuhler O D -module φ defined over K. The canonical isogeny character of φ forces the coefficients of the characteristic polynomials of the Frobenius automorphisms acting on a Tate module of φ to satisfy certain congruences modulo p (this is proved in Section 5), and it also puts some restrictions on the ray class groups of K. We use this information in Section 6 to show that if certain explicit conditions are satisfied, then the Drinfeld-Stuhler variety X D has no K-rational points. These conditions are listed in Theorems 6.6, 6.10, 6.13, which are the main results of this paper. A technical issue arises here from the fact that X D is only a coarse moduli scheme, so the K-rational points on X D may not be represented by Drinfeld-Stuhler O D -modules defined over K. Fortunately, a result from [25] Remark 1.1. Let K be a degree d extension of F which splits D. Assume there is a unique place ∞ of K over ∞ = 1/T . Let H K be the maximal unramified abelian extension of K in which ∞ splits completely (i.e., H K is the Hilbert class field of K). The Galois group Gal(H K /K) is isomorphic to the class group of the integral closure B of A in K. By developing a theory of "complex multiplication" for Drinfeld-Stuhler modules, the third author has shown in [25, Thm. 4 .10] that X D (H K ) = ∅. In particular, if B is a principal ideal domain, then
In Section 7, we assume that d = 2, so X D is a curve. The paper [23] contains comprehensive results about the existence of rational points on X D over finite extensions of completions of F . We combine these results with the results of Section 6 to construct explicit examples of
In other words, X D violates the Hasse principle over K. Part of the calculations required for checking that the conditions of [23] , as well as the conditions of Theorem 6.6 or Theorem 6.13, are satisfied for a given pair (X D , K) were performed on a computer using the program Magma. Two such examples are the following: Example 1.2. Let q = 3 and D be the quaternion algebra over F ramified at two primes {p, q} of A, and unramified at all other places of
The Hasse principle is violated for the following choices
Remark 1.3. We should mention the following relevant result: Assume D is a quaternion division algebra whose discriminant has degree ≥ 20. Then there are infinitely many quadratic extensions K/F such that X D violates the Hasse principle over K. This is proved in [23] by adapting a method of Clark [5] to the function field setting, but this method does not give an effective procedure for finding the field extensions K/F over which X D violates the Hasse principle.
Preliminaries
We start by fixing the notation that will be used throughout the paper. As in the introduction, F q will denote a finite field with q elements, A = F q [T ] the polynomial ring, and F = F q (T ) the field of fractions of A. For a nonzero ideal n ✁ A, by abuse of notation, we denote by the same symbol the unique monic polynomial in A generating n. (It will always be specified or clear from the context whether n denotes the ideal or its monic generator.) We define (2.1) |n| = #(A/n).
We will call a nonzero prime ideal of A simply a prime of A. Given a prime p of A, we denote by A p (resp. F p ) the completion of A at p (resp. the field of fractions of A p ). We denote by F p = A/p the residue field of A p , and by F (m) p the extension of F p of degree m ≥ 1.
The degree deg(a) of 0 = a ∈ A is its degree as a polynomial in T . The degree function extends to a valuation of F . The corresponding place of F is called the place at infinity, and denoted by ∞. The normalized absolute value on F at ∞ is given by
Note that the normalized absolute value at ∞ is closely related with (2.1) via |a| = |(a)|, where (a) denotes the ideal of A generated by a. Since 1/T is a uniformizer at ∞, the completion F ∞ of F at ∞ is isomorphic to F q ((1/T )). We identify the places of F not equivalent to ∞ with the primes of A.
Let D be a central simple algebra over
be the set of primes of A which ramify in D, i.e., p ∈ Ram(D) if and only if [27] for the definitions. Note that A is the center of O D . Because A is a principal ideal domain and D is split at ∞, any two maximal A-orders are conjugate in D; see [27, §34] .
Given a field K we denote by K (resp. K sep ) its algebraic (resp. separable) closure, and put G K = Gal(K sep /K). Let K be a field equipped with an A-algebra structure γ : A → K. The A-characteristic of K is char A (K) := ker(γ) ✁ A. We will always implicitly consider F , and its extensions, as A-fields via the natural embedding of A into its field of fractions.
Let K[τ ] be the skew polynomial ring with the commutation relation τ α = α q τ , α ∈ K. One can write the elements of
satisfying the following conditions:
maps a ∈ A to the scalar matrix γ(a)I d , where
The set of morphisms φ → ψ over K is an A-module Hom K (φ, ψ), where A acts by a • u := uφ a . It can be shown that the kernel of any nonzero morphism u is a finite group scheme over K (i.e., a nonzero morphism is an isogeny), and Hom K (φ, ψ) is a free Amodule of rank ≤ d 2 ; cf. [25] . We denote End K (φ) = Hom K (φ, φ) and Aut
Let p be a prime of A. The p-adic Tate module of φ is 
be a Drinfeld A-module over L of rank d. Such a module is uniquely determined by the image of T :
It is easy to check that φ is a Drinfeld-Stuhler module. In fact, every Drinfeld-Stuhler M d (A)-module arises from some Drinfeld module Φ via this construction. This is a consequence of the Morita equivalence for Drinfeld-Stuhler modules; see [25, §2.4 ] for the details.
The category of Drinfeld-Stuhler modules over K is equivalent to the category of D-elliptic sheaves over K (modulo a certain action of Z on the latter category); cf. [25, §3] . In [17] , D-elliptic sheaves are defined over any F q -scheme S. The functor which associates to S the set of isomorphism classes of D-elliptic sheaves over S (modulo the action of Z) possesses a coarse moduli scheme X D over C := P 
On the other hand, because X D is only a coarse moduli scheme, it is not necessarily true that every K-rational point on X D K corresponds to some Drinfeld-Stuhler module defined over K, although this is true if K is algebraically closed (for more on this, see Section 6).We will denote the set of K-rational points on
Potentially good reduction property
Let K be a local field of positive characteristic. Let R be the ring of integers of K, π a uniformizer of K, and k = R/(π) the residue field. Assume γ : A → R is an injective homomorphism. Extending this homomorphism to γ : A → K, we consider K as an A-field with char A (K) = 0.
) be a Drinfeld-Stuhler module over K. We say that φ has good reduction if there is u ∈ GL d (K[τ ]) such that ψ = uφu −1 has the following two properties:
(
) is a Drinfeld-Stuhler module over k.
We say that φ has potentially good reduction if there is a finite extension L/K such that φ, considered as a Drinfeld-Stuhler module over L, has good reduction.
The main result of this section is the following analogue of a well-known fact about abelian surfaces with quaternionic multiplication. In principle, this is implicitly proven in [17, §6] in terms of D-elliptic sheaves using a result of Drinfeld. We will give a different proof in terms of Drinfeld-Stuhler modules, which also provides more information about the extension L/K where φ acquires good reduction.
To motivate our approach, we recall the proof of potentially good reduction property of abelian surfaces equipped with an action of a maximal order in an indefinite division quaternion algebra D. Let X be such a surface defined over a local field K. The potentially stable reduction theorem for abelian varieties implies that there is a finite extension L/K such that X L has stable reduction, i.e., the closed fibre of the Néron model of X L over the ring of integers of L is an extension of an abelian variety by an algebraic torus T . Moreover, X L has good reduction if and only if T is trivial. To show that T is trivial, one considers the Q-vector space V (T ) = Hom(T ⊗k, G m,k ) ⊗ Q. The universal property of Néron models implies that D acts on V (T ). Since D is a division quaternion algebra, it cannot act on a nonzero Q-vector space of dimension < 4. Since dim V (T ) ≤ 2, one deduces that T is trivial.
Proof of Theorem 3.2. We will imitate the previous proof in the case of Drinfeld-Stuhler modules. But it is not possible to do this directly due to several problems. The most serious of these problems is the fact that the potentially stable reduction theorem is simply false for Anderson A-modules; cf. [7] . (Drinfeld-Stuhler modules are a special case of Anderson Amodules, similar to abelian surfaces with quaternionic multiplication being a special case of abelian varieties.) More precisely, in [7, p. 470 ], Gardeyn gave an explicit example of an Anderson T -module over F q ((T )) whose Tate modules do not potentially contain nonzero unramified submodules. Another problem is that an analogue of the theory of Néron models for Anderson A-modules is not as robust as for abelian varieties; cf. [8] .
First, we adapt an idea used by Taelman in [31] . This will allow us to apply the potentially stable reduction theorem for Drinfeld modules to our problem. 
is obtained by extending the constants. In this case, F ′ w /F v is unramified of degree n/ gcd(n, deg(v)). Hence, using the above formula for the invariants of D ⊗ F F ′ , we see that there is n, e.g.,
. This fact is known as Tsen's theorem. Now let φ be a Drinfeld-Stuhler O D -module over K, and let n be such that
We can assume, after possibly extending K, that F q n ⊂ K. Denote σ = τ n , and consider the composition
where K[σ] is the twisted polynomial ring with commutation rule σb = b q n σ, b ∈ K. (The second map is a formal substitution τ → σ; it is not a homomorphism.) Note that φ ′ is not a Drinfeld-Stuhler module according to our definition, but the definition can be easily generalized so that φ ′ is a Drinfeld-Stuhler module of "rank n".
It follows from [27, (35.14) ] that the number of conjugacy classes of maximal
is not larger than the class number of A ′ . Since the class number of
, and we can assume 
It is easy to see that any Drinfeld A ′ -module over K acquires stable reduction over a tamely ramified extension L/K; cf. [33] . (Recall that a Drinfeld module Φ :
has stable reduction if Φ is isomorphic over K to a Drinfeld module over R whose reduction modulo π is also a Drinfeld module of possibly smaller rank.) After possibly passing to such extension, we assume that Φ has stable reduction over K. Suppose uΦu −1 , u ∈ K, has integral coefficients and stable reduction. Denote U = diag(u, . . . , u). Then
is finite and nonzero. Substituting σ → τ , we see that ψ := UφU −1 also has these properties, i.e., ψ :
) is a Drinfeld-Stuhler module, and the kernel of ψ p m on G 
is a division algebra, the dimension of W over F must be at least d 2 . Thus M(ψ) ⊗ A F is unramified. This puts us in a position where we can apply Gardayn's criterion for good reduction of Anderson's motives [7] to conclude that φ has good reduction. Proposition 3.3. Assume D is a central division algebra and φ is a Drinfeld-Stuhler O Dmodule over K. There is a totally tamely ramified extension L/K of degree dividing q d − 1 over which φ has good reduction.
Proof. First we prove that there is a tamely ramified extension over which φ has good reduction. After possibly extending F q ⊂ K to a large enough F q n , we are in the set up of the the proof of Theorem 3.2. It follows from the proof that the Drinfeld module Φ :
has potentially good reduction. It is not hard to show that a Drinfeld module with potentially good reduction acquires good reduction over a tamely ramified extension of K; see [33, Prop. 2] . But then, again from the proof of Theorem 3.2, it follows that φ also acquires good reduction over a tamely ramified extension of K. Now we prove that there is a totally tamely ramified extension over which φ has good reduction. The fact that φ has potentially good reduction implies that the image of the inertia group I K under the representation ρ :
) is a finite group for any prime p not equal to the A-characteristic of k. The kernel N of ρ restricted to I K is independent of p = char A (k). Let θ ∈ G K be a Frobenius element. Denote by Γ θ the closure of the subgroup of G K generated by θ. Let L be the extension of K cut out by Γ θ N ⊂ G K . Then L/K is a totally tamely ramified extension. Since the action of the inertia group I L on T p (φ) is trivial, by Gardeyn's good reduction criterion of T -motives [7] , φ has good reduction over L.
Finally, we prove the claim about the degree of L/K. We have proved that φ has good reduction over an abelian extension L of K. We can assume that φ does not have good reduction over any proper subfield of L. Fix a prime p ✁ A such that p = char A (k). Any g ∈ Gal(L/K), g = 1, acts non-trivially on T p (φ), since otherwise the fixed field K ′ of the subgroup generated by g is an extension over which T p (φ) is unramified, and thus by Gardayn's criterion φ has good reduction over K ′ . There is a natural isomorphism T p (φ) ∼ = T p (φ) given by reduction modulo the maximal ideal of the ring of integers of L.
On the other hand, by the analogue of Tate's isogeny conjecture for T -modules proved by Taguchi and Tamagawa [32] , we have an isomorphism
where on the left hand side we considerφ as a T -module and
Thus, g induces a non-trivial automorphism ofφ over k. This automorphism commutes with the action of 
Canonical isogeny characters
Let p ∈ Ram(D). In this section we assume that
We start by examining the reduction of O D modulo p. Note that 
where
with commutation rule 
and φ has good reduction over K. Then the extension K(C φ,p )/K obtained from the canonical subgroup of φ[p] is a totally tamely ramified extension of degree (|p|
Proof. Let R be the ring of integers of K. Because φ has good reduction over R, each groupscheme φ[p n ], n ≥ 1, over K extends to a finite flat group-scheme over R of order |p| 
] is the non-commutative ring of formal series in τ with coefficients in R and the commutation rule τ a = a q τ , a ∈ R. Note that the composition
where ∂ is defined similarly to (2.2), maps a ∈ A p to diag(γ(a), . . . , γ(a)) and
As earlier, represent
p acts by scalar multiplication via an embedding
p ֒→ K (compatible with the F p -structure of both fields), i.e., by a "fundamental character". If we fix one such character χ, then any other fundamental character is of the form
We assume without loss of generality that
i.e., the decomposition of the formal group into a direct product of G a,K 's is compatible with the decomposition of the tangent space into F
p -eigenspaces. This decomposition of the formal group is preserved by the action of φ(A p ), since A p commutes with
Hence from each component we get a formal A p -module
It remains to examine ψ := ψ d−1 more closely. Since A p commutes with F
. The formal group φ modulo ̟ has height d 2 , so ψ modulo ̟ has height d, i.e., after possibly replacing ψ by an isomorphic module, we have
Thus, ψ is a Lubin-Tate formal group. This implies, by local class field theory, that
The action of G K on the subgroup C φ,p yields a character
This character depends on an identification
p ; such identifications differ by automorphisms of F 
p . Since the action of Π commutes with the action of g, we get
Continuing in this manner, we obtain
The canonical isogeny characters are the diagonal entries of π φ,p . Now the claim of the lemma is clear.
Let M(φ) be the O D -motive associated to φ; cf. [25, §3] . φ) ) a Drinfeld A-module of rank 1, which we will call the determinant of φ and denote by det(φ). Let
be the character by which G K acts on the p-torsion of det(φ).
Proof. By (4.1), the map 
corresponds to the map
constructed in (4.5). Comparing this with Lemma 4.4, we see that the following diagram commutes
Since Lafforgue's determinant construction is equivariant with respect to the action of G K , we conclude that χ φ,p (g) = Nr
Nr
Proof. Follows from Proposition 4.5 and Lemma 4.6. Now suppose that K, the field over which the Drinfeld-Stuhler O D -module φ is defined, is a finite extension of F . Denote by K ab the maximal abelian extension of
Proof. By Proposition 3.3, φ acquires good reduction over a totally tamely ramified extension To prove (2), first observe that by Corollary 4.7 we have
Hence it is enough to show that χ q−1 C,p is trivial when considered as a character of G F∞ . Let Λ C ⊂ C ∞ be the A-lattice of rank 1 corresponding to the Carlitz module C, where C ∞ is the completion of F ∞ ; cf. [6, §3] . Carlitz explicitly computed Λ C , and from that calculation one easily deduces that
On the other hand, any torsion point of C is rational over F ∞ (Λ C ); cf. [28, Exercise 13.10] . This implies that χ C,p restricted to G F∞ has order dividing q − 1. Hence χ q−1 C,p = 1 on G F∞ . Fix a prime P of K over p. Let f P be the residue degree of P over p, i.e., the residue field
For u ∈ O × P denote byū ∈ F × P the reduction of u modulo P. Lemma 4.9. There is a unique integer 0 ≤ c P ≤ |p| t P − 1 such that r φ,p (P)(u) = Nr
Since K(C φ,p )/K is tamely ramified, r φ,p (P) factors through the tame quotient of I P , which is isomorphic to (O P /P)
is contained in the unique cyclic subgroup of (F
Finally, observe that the norm homomorphism Nr
× is surjective, and, since both groups are cyclic, basic group theory implies that there is a unique 0 ≤ c P ≤ |p| t P − 1 such that r φ,p (P)(u) = Nr
Lemma 4.10. Let e P be the ramification index of P over p.
|p| be the linearized polynomial corresponding to C p , where C p is the image of p under the Carlitz module homomorphism C : A → K[τ ]. By [12] , f (x) = C p (x)/x is irreducible and separable over F , and the splitting field L of f is totally tamely ramified over p. Let v denote the unique extension of the normalized valuation on K P to K sep P . For any root α of f we have v(α) = e P /(|p| − 1). Let π be a uniformizer of K P . Let
This character factors through the tame quotient I t of I P . According to [29, Prop. 7] , because v(α) = e P /(|p| − 1),
for all g ∈ I t , i.e., I t acts on the roots of f (x) by the character θ e P |p|−1 . Thus, (4.7)
χ C,p = θ
Finally, by [29, Prop. 3] , for u ∈ O × P , we have (4.9) θ |p|−1 (ω P (u)) = θ |p|−1 (ū −1 ).
Combining (4.7), (4.8), (4.9), we arrive at the formula of the lemma.
Proof. By Corollary 4.7, Nr
On one hand, by Lemma 4.9,
On the other hand, by Lemma 4.10,
Combining these two expressions, we get
p is surjective and F × p is cyclic, it follows that d t P (q − 1)c P ≡ (q − 1)e P mod (|p| − 1), as was claimed.
Corollary 4.12. Let q ✁ A be a prime different from p. Then
Proof. By Lemma 4.9,
.
Since the imageq of q under O
Finally, by Proposition 4.11, in F × p we have the equalitȳ
Drinfeld-Stuhler modules over finite fields
Let y ✁ A be a prime. Let k be a field extension of F y of degree m. Hence k is a finite field of order q n , where n = m · deg(y). Let π = τ n be the associated Frobenius morphism. With abuse of notation, denote by π also the scalar matrix
A → k be the composition A → A/y ֒→ k; in particular, char A (k) = y. Let φ be a Drinfeld-Stuhler O D -module defined over k. In this section we assume that y ∈ Ram(D). Since π commutes with φ(O D ), we have π ∈ End k (φ).
There is a unique place ∞ of F over ∞.
There is a unique primeỹ = ∞ of F that divides π. Moreover,ỹ lies above y.
2 and with invariants
for each place v of F and each placeṽ of F dividing v. (5) is not explicitly stated in previous references, but it can be easily deduced from (4) as follows. Indeed, (4) implies that for each place v of F and each placeṽ of F dividing v, we have
Now the fact that F embeds into D follows from a well-known characterization of commutative subfields of central simple algebras; see, for example, Corollary A.3.4 in [16] .
Let l✁A be a prime different from y. By (2.3), we have
The action of G k on torsion points of φ gives an l-adic representation
be the reduced characteristic polynomial of i l (Fr k ).
In particular, P φ,k (X) has coefficients in A that are independent of l.
Proof. This can be proved by an argument similar to the argument in the proof of the corresponding fact for Drinfeld modules; cf. [9, Lem. 3.3] . For the sake of completeness, we give that argument in the setting of Drinfeld-Stuhler modules.
The endomorphisms of φ act on T l (φ), and, by definition of endmorphisms, the actions of End k (φ) and φ(O D ) on T l (φ) commute with each other. Since any nonzero endomorphism has finite kernel, the associated homomorphism
is injective. Hence we get an injective homomorphism 
To prove the claim of the proposition, since F is an infinite set, it suffices to show that
The action Fr k on T l (φ) ⊗ A l F l agrees with the action of the endomorphism π ∈ End k (φ), so we have
the last equality coming from F = F (π).
Proof. As follows from Proposition 5.2, the constant term of P φ,k (X), up to an F Corollary 5.4. Assume k = F y . Then P φ,k (X) = M φ,k (X) and End k (φ) ⊗ A F = F is an imaginary field extension of F of degree d. Moreover, if we write
. Now the equality End k (φ)⊗ A F = F easily follows from Theorem 5.1. The claim about the degrees of a i is a consequence of (RH).
Since P φ,k (X) is a polynomial with coefficients in A, we can reduce the coefficients P φ,k (X) modulo p for any prime p ✁ A.
Proof. If in (5.1) we take l = p, then P φ,k (X) modulo p is equal to det (X − π φ,p (Fr k )), where π φ,p is the representation from (4.3). The claim now follows from (4.4).
Global points on Drinfeld-Stuhler varieties
In this section we assume that D is a central division algebra over F of dimension d 2 , d ≥ 2. The goal will be to use the canonical isogeny characters to prove that for certain degree d extensions K of F the set of K-rational points X D (K) of the Drinfeld-Stuhler variety X D is empty.
Fields of moduli vs fields of definition.
A natural approach to proving that X D (K) is empty for a specific A-field K is to show that there are no Drinfeld-Stuhler O D -modules defined over K. But a technical issue arises in this approach from the fact X D is only a coarse moduli scheme, so the points in X D (K) may not be represented by Drinfeld-Stuhler O D -modules defined over K, i.e., the field of moduli of a Drinfeld-Stuhler O D -module might not be a field of definition. Fortunately, the results from [23] and [25] resolve this issue in certain cases.
Let K be an A-field such that char A (K) ∈ Ram(D), i.e., either char A (K) = 0 or char A (K) is a prime of A which does not ramify in D. Let φ be a Drinfeld-
It is not hard to show that ∂ φ,K is in fact an isomorphism; see [25, Lem. 2.5] . This implies that if a K-rational point on X D corresponds to a Drinfeld-Stuhler module defined K, then
) Conversely, we have the following:
Proof. See [25, Cor. 6.17].
Theorem 6.1 does not rule out the possibility that
, in which case the K-rational points on X D would not correspond to Drinfeld-Stuhler O D -modules defined over K. This unpleasant phenomenon does occur for Shimura curves associated with indefinite quaternion division algebras over Q. For example, if X 6 denotes the Shimura curve associated to the indefinite quaternion algebra B(6) over Q of discriminant 6, then
does not split B(6); see Example 1.2 in [13] . On the other hand, for Drinfeld-Stuhler curves we have the following:
, there is at least one prime P of K lying over some p ∈ Ram(D) such that the ramification index e(P|p) and the residual degree f (P|p) are both odd (this follows from (3.1)). Let K P be the completion of K at P. By [23, Thm. 4.1], we have
, the claim follows. 
Because of this fact and Theorems 6.1, 6.2, we are inclined to believe that a K-rational point on X D always corresponds to a Drinfeld-Stuhler O D -module defined over K.
6.2. Class group conditions. Let K/F be an extension of degree d, and p ✁ A be a prime which remains inert in K/F . (In general, such a prime might not exist if d > 2.) Denote by P the unique place of K over p, and ∞ 1 , . . . , ∞ s the places of K over ∞. For a place v of K, denote by K v the completion of K at v, and by O v the ring of integers of K v . By abuse of notation, let v also denote a uniformizer of O v . Let Cl K be the divisor class group of K, and Cl p∞ K be the ray divisor class group of K of modulus P · ∞ 1 · · · ∞ s . Note that Cl K is isomorphic to a direct product of a finite group and Z. Let µ(K) be the group of roots of unity in K; these are just the nonzero elements of the algebraic closure of F q in K. There is an exact sequence
Remark 6.4. If we assume ∞ is totally ramified in K/F , then the previous exact sequence simplifies to
× be the canonical isogeny character constructed in Section 4. Denote by Z(n) the cyclic group of order n. By Proposition 3.3, for a place v ∈ {P, ∞ 1 , . . . , ∞ s } of K, the image of the inertia group I v under ̺ φ,p has order dividing q d − 1. Hence
is unramified outside of P and ∞ 1 , . . . , ∞ s .
Lemma 6.5. The homomorphism (6.2) restricted to the inertia group at P is surjective.
Proof. Let K P be the completion of K at P, and L be the totally tamely ramified extension of
. By Proposition 3.3, we can assume that φ has good reduction over L. Let R be the ring of integers of L, and ̟ be a uniformizer of R such that
as a subfield. Now the claim follows from Proposition 4.2.
We may view ̺
φ,p as having source Cl p∞ K (note that the ramification at P and ∞ 1 , . . . , ∞ s is tame). The previous lemma gives a surjective homomorphism
corresponding to an abelian extension of K which is totally tamely ramified at P. This extension is linearly disjoint from the unramified extensions of K classified by the subgroups of Cl K . Therefore, applying class field theory, we arrive at the following: Theorem 6.6. Let K/F be a field extension of degree d which splits D. Assume p ✁ A is a prime which remains inert in K/F and inv
Example 6.7. Let q = 3, d = 2, and K be the quadratic extension F ( √ d) of F , where d = T 13 + 2T + 1 (this is an irreducible polynomial). We choose
as a prime of A which remains inert in K. Since deg(d) = 13 is odd, ∞ ramifies in K/F , so we have the exact sequence (6.1). Next, Magma computes
Looking at the 5-primary components of the groups involved, we see that Cl 
, the prime p does not split in K. Denote by P the unique prime of K lying over p. Denote 
Proof. By class field theory, one can consider ̺ n φ,p as a character of the idèle class group
where 
where r φ,p (v) is the character defined in (4.6), and r φ,p (v) is its restriction to O × v . Note that at all places v of K that do not divide y or ∞, the element y −1 is a unit. Hence by Proposition 4.8 we have
Definition 6.9. Let W(y) be the set of elements π of F such that (1) π is integral over A. Note that if π ∈ W(y), then the minimal polynomial of π
has the following properties (1) a i ∈ A and deg(
and
Let P ′ (y, s) be the set of prime divisors of nonzero elements of D ′ (y, s).
Theorem 6.10. Let K/F be a field extension of degree d. Assume
• y ✁ A is a prime that totally ramifies in K, 
over F , then from (5.1) it is easy to see that
On the other hand, by Proposition 5.5
where the second equality follows from the fact that ̺ 
Since F p is a field, this congruence implies
This contradicts the assumption p ∈ P ′ (y, deg(p)), unless π 
As in the proof of Theorem 6.10 one deduces that
is independent of the choice of a canonical isogeny claracter. We use this expression to strengthen Theorem 6.10 when d = 2. This will give us a congruence condition which is more amenable to explicit verification, and thus construction of explicit examples. Until the end of this section assume d = 2. For r ≥ 1 denote
For π ∈ W(y), let π ′ be its conjugate over F (keep in mind that [F (π) :
Note that C(y) is a finite subset of A, and a(dm) ∈ C(y). For s ≥ 1, let
Note that ε + ε −1 = ε + ε q s = Tr F q 2s /F q s (ε) ∈ F q s , so the norm above makes sense. D(y, s) is again a finite subset of A. Let P(y, s) be the set of prime divisors of nonzero elements of D(y, s). Now let s = deg(p) and identify F q 2s with F
This implies that either p ∈ P(y, s) or a(dm) = (ε + ε −1 )y m . In the second case, y divides a(dm).
Lemma 6.12. y divides a(dm) if and only if a(1) = 0.
Proof. Write a(1) = π + π ′ for some π ∈ W(y). Then a(r) = π r + (π ′ ) r for all r ≥ 1. Since
for some c ∈ A and µ ∈ F Theorem 6.13. Let d = 2 and K/F be a quadratic extension. Assume
) is equivalent to the existence of q ∈ Ram(D) which splits in F ( √ µy). Also, ∞ should not split in F , which is equivalent to µ being a non-square in F × q when deg(y) is even and q is odd. Remark 6.14. Theorem 6.10 specialized to d = 2 is a weaker theorem than Theorem 6.13 because P(y, s) is a smaller set than P ′ (y, s). For example, if q = 3, y = T and s = 2, then T 2 + T + 2 and T 2 + 2T + 2 are not in P(y, 2) but they are both in P ′ (y, 2).
A computer calculation shows that if p ∈ S, then p ∈ P(y, deg(p)). Let q be a prime different from p which splits in both F ( √ T ) and F ( √ −T ), i.e., Proof. This is a consequence of Theorem 5.10 in [23] .
Remark 7.2. Assume q is odd and
It is easy to show that ∞ splits in K if and only if deg(d) is even and its leading coefficient is a square in F × q . Theorem 7.3. Let P be a place of K over p. Let f and e be the residual degree and the ramification index of P over p, respectively.
, at least one of the places q, ∞ splits.
Proof. This is a consequence of Theorem 4.1 in [23] .
Remark 7.4. In this section, we are only interested in quadratic extensions K which split D.
In such extensions, p or q cannot split, so (3) of Theorem 7.3 does not occur.
Theorem 7.5. Let l ∈ {p, q, ∞} be a place of F and L be a place of K over l. Let f be the residual degree of L over l.
and only if for all a ∈ A and c ∈ F × q such that a 2 + cl is not a square in A at least one of the places {p, q, ∞} splits in
Proof. This is a consequence of Theorem 3.1 in [23] .
Remark 7.6. If q is odd, then to determine whether X D (K L ) = ∅ one needs to examine only a finite number of quadratic extensions F ( √ a 2 + cl). Indeed, if deg(a) > deg(l)/2, then a 2 + cl has even degree and its leading coefficient is a square in
Let l be as in Theorem 7.5. By [17] and [11] , X D has good reduction at l (and bad reduction at p, q, ∞). From a geometric version of Hensel's Lemma (see [14] 
where g(X D ) is the genus of X D . On the other hand, by [19] ,
if deg(p) and deg(q) are odd .
This implies that
Hence to decide whether a given X D has rational points over all completions of K, we need to examine only finitely many places. Example 7.7. Let the setting be as in Example 6.7. That is q = 3, p = T 6 +2T 4 +T 2 +2T +2, and K = F ( √ d), where d = T 13 + 2T + 1. Next, we take q = T 2 + T + 2 as a prime of smallest possible degree which is inert in K (T and T ± 1 split in K). Let D be the quaternion algebra ramified at p and q, and split at all other places of F . Since p and q are inert in K, we have D ⊗ K ∼ = M 2 (K). We will show that X D (K v ) = ∅ for all places v of K. Since, by Example 6.7, X D (K) = ∅, this gives an explicit example of a Drinfeld-Stuhler curve violating the Hasse principle over K.
The place ∞ of F ramifies in K. By Theorem 7.1, we have X D (K ∞ ) = ∅. The places p and q are inert in K. By Theorem 7.3, we have X D (K P ) = ∅ and X D (K Q ) = ∅ for the unique places P and Q of K over p and q, respectively.
It remains to examine places of F where X D has good reduction. By Theorem 7.5, we can restrict ourselves to those l that split or ramify in K. Using (7.1) one computes that g(X D ) = q 6 . From the Weil bound, X D (F l ) = ∅ once deg(l) ≥ 13. Hence we need to examine X D (F l ) for primes l ✁ A of degree ≤ 12 which split in K. By Theorem 7.5, to show that X D (F l ) = ∅ we need to find a ∈ A with deg(a) ≤ deg(l)/2 and c ∈ F × q such that • a 2 + cl has odd degree or its leading coefficient is not a square in F × q , and
For this we use computer calculations. (It is important here that places l have relatively small degree, which is a consequence of choosing q of small degree so that the genus of X D is small.) Using Magma, we simply run through all possible a and c and check the conditions. It turns out that a and c for which the necessary conditions are satisfied always exist. For example, assume deg(l) = 1, i.e., l = T, T ± 1. All these primes split in K, and it is easy to check that for each such prime one can obtain T or −T as a 2 + cl for some a ∈ F 3 and c ∈ F (where the case m = p is excluded).
Thus, we obtain counterexamples to the Hasse principle.
Remark 7.9. In Example 6.15 we also had p ∈ {T 3 + T 2 + 2, T 3 + 2T 2 + 1} and q = T 2 + 1 as possible ramification places of a quaternion algebra D for which X D (K) = ∅, where K = F ( √ ±T pqm). But these p do not lead to counterexamples to the Hasse principle since in these cases X D (K Q ) = ∅. This follows from Theorem 7.3, as ∞ splits in F ( √ q) and p splits in . The prime q is inert in F ( √ p). Thus, X D (K P ) = ∅ for the unique prime P of K over p. Similarly, ∞ ramifies in both F ( √ q) and F ( √ 2q), and p is inert in F ( √ q). Thus,
Next, we compute g(X D ) = q(q − 1) and use the Weil bound to conclude that X D (F l ) = ∅ if deg(l) ≥ 5. Finally, we examine places l of degree ≤ 4 using a computer program. For the following m our program confirms that the conditions for the existence of K L -rational points are satisfied for all l: m ∈ {1, T + 1, T + 3, T + 4, T 2 + 2, T 2 + 3, T 2 + T + 1, T 2 + T + 2}.
Thus, we obtain counterexamples to the Hasse principle. Remark 7.12. If X D embeds into its Jacobian J D over a finite extension K of F (e.g., there is a K-rational divisor of degree 1 on X D ), then the Brauer-Manin obstruction is the only obstruction to the Hasse principle over K. This follows from a result of Poonen and Voloch [26, Thm. D] . There are two conditions that need to be satisfied in order to apply [26] . These conditions are
(1) J D has no nonzero isotrivial quotients; (2) J D (F sep )[p ∞ ] is finite (p is the characteristic of F ). These are satisfied since J D has split purely multiplicative reduction at ∞ (cf. [4] , [23] ). Indeed, the first claim is clear from the theory of Néron models. The second claim can be seen from the rigid-analytic uniformization 
